A totally silver coloring of a graph G is a k-coloring of G such that for every vertex v ∈ V (G), each color appears exactly once on N [v], the closed neighborhood of v. A totally silver graph is a graph which admits a totally silver coloring. Totally silver coloring are directly related to other areas of graph theory such as distance coloring and domination. In this work, we present several constructive characterizations of totally silver graphs and bipartite totally silver graphs. We give several infinite families of totally silver graphs. We also give cubic totally silver graphs of girth up to 10.
Introduction
All graphs in this paper are finite and simple. A totally silver coloring of a graph G is a k-coloring of G such that for every vertex v ∈ V (G), each color appears exactly once on N [v], the closed neighborhood of v. A totally silver graph is a graph which admits a totally silver coloring. It is immediate from this definition that every graph admitting a totally silver coloring with k colors is (k − 1)-regular. Totally silver colorings are introduced in [4] . The term totally silver is inspired by an International Mathematical Olympiad problem on silver matrices [6] .
Totally silver colorings appear, under the name perfect colorings, in the study of file segmentations in a network in [1] . Totally silver colorings are also studied in [5] where they are called strong colorings. Totally silver coloring are directly translated to problems in other areas of graph theory. For instance, it is proved in [4] that a ∆-regular graph is totally silver, if an only if it is domatically full. That is, if and only its vertices can be partitioned into ∆ + 1 dominating sets.
Another area of graph theory related to totally silver colorings is distance coloring. The pth power of a graph G, denoted by G p , is the graph with vertex set V (G) in which two distinct vertices are adjacent, if and only if they are at distance at most p in G. Totally silver graphs are regular graphs for which the lower bound of equation 1.1 is tight. We study such graphs in this paper. In Section 2 we present several constructive characterizations of totally silver graphs, as well as a similar characterization of bipartite totally silver graphs. In Section 3 we give nontriviality conditions for cubic totally silver graphs. In Section 4 we present several families of cubic totally silver graphs. In Section 5 some cubic totally silver graphs of high girth are presented.
Properties and Characterization of totally silver graphs
Let c be a totally silver coloring of an r-regular graph G. We define a colored 2-switch in G to be the following operation. Let u 1 v 1 and u 2 v 2 be edges of G such that c(u 1 ) = c(u 2 ) and c(v 1 ) = c(v 2 ). Let G be obtained from G by deleting the edges u 1 v 1 and u 2 v 2 , and adding the edges u 1 v 2 and u 2 v 1 . Since a colored 2-switch does not affect the colors appearing on each closed neighborhood, c is also a totally silver coloring of G . The following theorem gives a classification of r-regular totally silver graphs. The following is immediate from this theorem.
Corollary 2.2. In a totally silver coloring of an r-regular graph G, all color classes have equal size. In particular, |V (G)| is a multiple of r + 1.
The following theorem gives a necessary condition for a graph being totally silver.
Theorem 2.3. [5]
Let r be odd. Then every r-regular totally silver graph is r-edge colorable.
In the remainder of this section we focus on bipartite totally silver graphs and give a characterization similar to that of Theorem 2.1 for such graphs.
Lemma 2.4. Let G be an r-regular bipartite totally silver graph with a bipartition (X, Y ), and let c be a totally silver coloring of G with color classes C 0 , C 1 , . . . , C r . Then |C j ∩ X| = |C j ∩ Y | and this value is independent of j. In other words, every color classes meets every partite set at the same number of vertices.
Proof. Let 0 j r. Since every x ∈ X ∩ C j has r neighbors in Y , and since every y ∈ Y \ C j is adjacent to exactly one x ∈ X ∩ C j , we have
Rearranging the terms we obtain
The right-hand side of this equation is independent of j since by Corollary 2.2 we have
, and similarly |Y ∩ C j | = |Y |/(r + 1). On the other hand, since G is a regular graph, we have
Corollary 2.5. The order of every r-regular bipartite totally silver graph is a multiple of 2r+2.
Let G be a bipartite r-regular totally silver graph with a bipartition (X, Y ), and let c be a totally silver coloring of G. The colored 2-switch introduced above does not preserve the bipartite property of a graph, since the new edges added may create an odd cycle. We may amend this operation to resolve this issue by adding the condition that a colored 2-switch on the edges u 1 v 1 and u 2 v 2 with c(u 1 ) = c(u 2 ) and c(v 1 ) = c(v 2 ) is permitted, only when u 1 and u 2 belong to the same partite set of G. We may refer to this operation as the bipartite colored 2-switch. For every positive integer r we define a graph B r to have vertex set
and edge set E(B r ) = {x i y j : 0 i, j r and i = j}.
Then B r is r-regular and bipartite, and c : V (B r ) → {0, 1, . . . , r} defined by c(x i ) = c(y i ) = i for i = 0, 1, . . . , r is a totally silver coloring of B r . Indeed B r is obtained from a complete bipartite graph K r+1,r+1 by deleting the edges of a perfect matching. The graph B 2 is isomorphic to C 6 and B 3 is isomorphic to the hypercube graph Q 3 . It is immediate from Lemma 2.4 that B r is the unique r-regular bipartite totally silver graph of order 2r + 2. The following theorem gives a characterization of bipartite totally silver graphs.
Theorem 2.6. An r-regular bipartite graph is totally silver if and only if it can be obtained by a sequence of bipartite colored 2-switches from a disjoint union of copies of B r .
Proof. In this proof, a switch refers to a bipartite colored 2-switch as defined above. It is immediate from the definition of a switch that if G is obtained from an r-regular bipartite totally silver graph by means of repeated applications of switches, then G is r-regular, bipartite, and totally silver. Let G be an r-regular bipartite totally silver graph with a bipartition (X, Y ). Let B be a disjoint union of copies of B r which has the same order as G. Since a sequence of switches can be reversed in an obvious way, it suffices to prove that B is obtained from G via a sequence of switches. We proceed by induction on |V (G|. If |V (G)| = 2r + 2, then G is isomorphic to H = B r since B r is the only r-regular bipartite totally silver graph of order 2r + 2. Let |V (G)| > 2r + 2, and let c : V (G) → {0, 1, . . . , r} be a totally silver coloring of G. Let
. . , r. Such sets U and V exist by Lemma 2.4. Let 0 i, j r with i = j. Then there are unique vertices y ∈ N (u i ) and x ∈ N (v j ) such that c(y) = j and c(x) = i. If y = v j (and hence x = u i ), we do nothing. Otherwise, we switch the edges u i y and v j x, which creates the edge u i v j . Performing this operation for all pairs of colors i and j, we obtain a graph G in which U ∪ V induces a subgraph isomorphic to B r . Since G is r-regular, it is a disjoint union of this subgraph and a graph H. By the induction hypothesis, H is obtained by a sequence of switches from a disjoint union of copies of B r . The sequence of switches introduced above, followed by this latter sequence, gives a sequence of switches which transforms G to B.
We conclude this section by some reformulations of the results of Theorem 2.1 and Theorem 2.6. Theorem 2.1 gives way to the following characterization of r-regular totally silver graphs. Corollary 2.7. A graph G is totally silver if and only if V (G) can be partitioned to a union of r + 1 disjoint independent sets C 0 , C 1 , . . . , C r such that for all distinct i, j ∈ {0, 1, . . . , r}, the subgraph induced by G on C i ∪ C j is 1-regular.
This characterization can be viewed as a way of constructing an r + 1-regular totally silver graph from any existing r-regular totally silver graph.
Corollary 2.8. Let G be an r-regular totally silver graph and let C 0 , C 1 , . . . , C r be as in Corollary 2.7. Let C r+1 be a set disjoint from V (G) such that |C r+1 | = |C 0 |. Then an r + 1-regular totally silver graph H can be constructed from G by letting V (H) = V (G) ∪ C r+1 , and adding a perfect matching between C r+1 and C i for any i ∈ {0, 1, . . . , r}. Moreover, any r + 1-regular totally silver graph can be constructed from a suitable r-regular totally silver graph in this way.
A similar characterization of bipartite totally silver graphs can be formulated as a corollary of Theorem 2.6 as follows. Corollary 2.9. A bipartite graph G with bipartition (X, Y ) is totally silver, if and only if X = U 0 ∪ U 1 ∪ · · · ∪ U r and Y = V 0 ∪ V 1 ∪ · · · ∪ V r where the sets U i and V j are pairwise disjoint, such that for any distinct i, j ∈ {0, 1, . . . , r}, the subgraph induced by G on U i ∪ V j is 1-regular.
A construction similar to that of Corollary 2.8 may be derived easily from Corollary 2.9
Nontriviality conditions for cubic totally silver graphs
If G is a totally silver graph, then every connected component of G is totally silver. On the other hand, by Theorem 2.3, every cubic totally silver graph is bridgeless. Therefore, every cubic totally silver graph is 2-connected. We begin this section by proving that although a 2-edge cut may be present in a cubic totally silver graph, its existence leads to a trivial situation, that is a reduction to smaller cubic totally silver graphs.
Lemma 3.1. Every cubic totally silver graph with a 2-edge cut is obtained from a disjoint union of two cubic totally silver graphs via a colored 2-switch.
Proof. Let (S, T ) be an edge cut in G with δ(S) = {xy, x y } and x, x ∈ S. Since G is bridgeless, we have x = x and y = y . Let c be a totally silver coloring of G with c(x) = 1 and c(y) = 2, and assume c(x ) = 4. Let n be the number of vertices v ∈ S with c(v) = 4. c(y ) = 1. Note that since c(y) = c(x ) and xy is an edge, xx is not an edge. Thus one may apply a colored 2-switch on the edges xy and x y to obtain two cubic totally silver graphs on vertex sets S and T .
By the above lemma, a nontrivial cubic totally silver graph is 3-connected. We proceed by giving similar reductions for cubic totally silver graphs with girth less than 6. Note that since the square of a 5-cycle and the square of K 2,3 are both isomorphic to a 5-clique, a cubic totally silver graph does not contain C 5 or K 2,3 as a subgraph. Lemma 3.2. Let G be a cubic totally silver graph which contains a 3-cycle. If |V (G)| > 4, then G can be reduced to a cubic totally silver graph on |V (G)| − 4 vertices.
Proof. Let G be a connected cubic totally silver graph and let c be a totally silver coloring of G. Let T = {x 1 , x 2 , x 3 } induce a triangle in G. We may assume that c(x i ) = i for i = 1, 2, 3. If there is y ∈ T with two neighbors in T , we construct a graph G by removing x 1 , x 2 , x 3 , y and all their edges from G and then connecting the two resulting degree 2 vertices by an edge. Then the restriction of c to V (G ) is a totally silver coloring of G . Note that the degree 2 vertices in this construction are distinct since otherwise G has a 5-cycle. Suppose that each x i has a distinct neighbor y i outside of T . Let z 1 and z 2 be the two neighbors of y 3 other than x 3 . Then z 1 , z 2 ∈ T , c(y 1 ) = c(y 2 ) = c(y 3 ) = 4 and {c(z 1 ), c(z 2 )} = {1, 2}. By possibly renaming the vertices z 1 and z 2 , we may assume that c(z 1 ) = 1 and c(z 2 ) = 2. Let G be obtained from G by deleting the vertices x 1 , x 2 , x 3 , y 3 and all their edges, and adding the edges y 1 z 1 and y 2 z 2 . The the restriction of c to V (G ) is a totally silver coloring of G . Lemma 3.3. Let G be a triangle-free cubic totally silver graph which contains a 4-cycle. If |V (G)| > 4, then G can be reduced to a cubic totally silver graph on |V (G)| − 4 vertices.
Proof. Let G be a connected triangle-free cubic totally silver graph and let c be a totally silver coloring of G. Let C = x 1 x 2 x 3 x 4 x 1 be a 4-cycle in G. Each x i has a distinct neighbor y i ∈ C since G is triangle-and K 2,3 -free. By possibly renaming the colors, we may assume that c(x i ) = i for i = 1, 2, 3, 4. Then c(y 1 ) = 3, c(y 2 ) = 4, c(y 3 ) = 1, and c(y 4 )2. Let G be obtained from G by deleting the vertices x 1 , x 2 , x 3 , x 4 and all their edges, then adding the edges y 1 y 3 and y 2 y 4 . Then the restriction of c to V (G ) is a totally silver coloring of G .
In light of the reductions of this section, we consider a cubic totally silver graph nontrivial, if it is 3-connected and it has girth at least 6.
Constructions of cubic totally silver graphs
In this section we present several infinite families of nontrivial cubic totally silver graphs. In particular, we give nontrivial cubic totally silver graphs of any order which is a multiple of 4. Note that the (3, 6)-cage (the smallest cubic graph with girth at least 6) has order 14. Therefore, no nontrivial cubic totally silver graphs of orders 4, 8, or 12 exist.
As our first example, we consider the family of generalized Petersen graphs P (n, d) where n and d are positive integers with n 2d + 1. The graph P (n, d) consists of an n-cycle x 1 x 2 · · · x n x 1 , along with n other vertices y 1 , y 2 , . . . , y n where each y i is adjacent to x i , y i−d and y i+d (all subscripts are reduced modulo n). In particular, P (4, 1) is the hypercube graph Q 3 , P (5, 2) is the Petersen graph, and P (n, 1) is the prism C n K 2 , where denotes the Cartesian product. The following is the main result of [3] . The above theorem gives examples of cubic totally silver graphs whose order is divisible by 8. While these graphs are all 3-connected and bipartite (thus triangle-free), not all of them are C 4 -free. The graphs P (2d + 2, d) where d 3 is odd, are all nontrivial cubic totally silver graphs.
Theorem 4.2. For all n 4, there exists a nontrivial cubic totally silver graph of order 4n.
Proof. We give two families E n and M n of cubic graphs of order 4n. The graph E n is totally silver when 3|n and M n is totally silver when 3 |n. Given n 3, the graph E n consists of three disjoint n-cycles u 1 u 2 · · · u n u 1 , v 1 v 2 · · · v n v 1 , and w 1 w 2 · · · w n w 1 , and n vertices z 1 , z 2 , . . . , z n , where z i is joined to u i , v i and w i for each i = 1, 2, . . . , n. The graph E 6 is illustrated in Figure 1 . It is straightforward to see that E n is 3-connected, and that for n 6, E n has no 3-, 4-, or 5-cycles. If 3|n, let c : V (E n ) → {0, 1, 2, 3} be defined by c(u i ) = i mod 3, c(v i ) = i + 1 mod 3, c(w i ) = i + 2 mod 3, and c(z i ) = 3. Then c is a totally silver coloring of E n .
Given n 3, the graph M n consists of a 3n-cycle u 1 u 2 · · · u 3n u 1 , and n vertices z 1 , z 2 , . . . , z n , and edges z i u i , z i u n+i , and z i u 2n+i for all i = 1, 2, . . . , n. The graph M 4 is illustrated in Figure 1 It is straightforward to check that M n is 3-connected and that for n 4, M n has girth 6. If 3 |n, we define c : V (M n ) → {0, 1, 2, 3} by c(u i ) = i mod 3 and c(z i ) = 3. It is easy to verify that c is a totally silver coloring. Remark 4.3. Indeed the graph E n is totally silver if and only if 3|n. This is since it is easily observed that in every totally silver coloring of E n , all the vertices z n receive the same color. This implies that each of the remaining n-cycles is colored by three colors. On the other hand, a 3-coloring of C Remark 4.4. Similarly, it is easily seen that in every totally silver coloring of M n , all z i receive the same color, thus only three colors are available for the remaining 3n-cycle. On the other hand, the only 3-coloring of the square of a 3n-cycle has color classes which contain every third vertex on the cycle. If 3|n, this coloring is not valid as a total silver coloring of M n . This is since if 3|n, then c(x 1 ) = c(x n ), while the vertices x 1 and x n have a common neighbor z 1 . A brute-force computer search confirms that χ(M 2 3 ) = 6. For a 5-coloring of M 2 n when n > 3, one may use four colors for the 3n-cycle on the x i and a fifth color for the z i . We omit a description of the coloring of the cycle since it involves several cases.
For n 4, the graph L 2n consists of a 2n-cycle x 1 · · · x 2n and the edges x i x i+5 for all odd i (subscripts are reduced modulo 2n). In particular, L 8 is isomorphic to the hypercube Q 3 and L 14 is isomorphic to the Heawood graph. The graph L 24 is illustrated in Figure 2 . The graph L 2n is bipartite for all n 4, since every edge joins an odd-numbered vertex to an even-numbered vertex. Thus by Corollary 2.5, L 2n is not totally silver when 4 |n.
On the other hand, L 2n is totally silver when 4|n. A totally silver coloring of L 2n in this case is more easily presented using an alternate representation of this graph. For m 1, we construct a graph L m on 8m vertices as follows. We begin by a 6m-cycle y 1 y 2 · · · y 6m y 1 , and for each 1 i 6m with i = 1, 2 mod 6, we join a new vertex to the vertices y i , y i+4 , and y i+8 (all subscripts are reduced modulo 6n). We refer to the 2m new vertices added in this last step as z 1 , z 2 , . . . , z 2m . A totally silver coloring of L m is the map c : V (L m ) → {0, 1, 2, 3} defined with c(y i ) = i mod 3 and c(z i ) = 3. It remains to prove that L m is isomorphic to L 8m . We omit a formal proof of this result, and instead, we present a graphical proof in Figure 2 , where in the normal drawing of the graph L 24 (left) we highlight an 18-cycle corresponding to the main cycle of the graph L 3 (right). The clear pattern visible in this figure may be used to give an isomorphism between the graphs L m and L 8m . For a positive integer n 2, the Möbius ladder V 2n consists of a cycle C = v 1 v 2 · · · v 2n v 1 and the chords v i v n+i for all i = 1, 2, . . . , n. Note that V 4 is isomorphic to K 4 and V 6 is isomorphic to K 3,3 . The graph V 2n contains a 4-cycle v 1 v 2 v n+2 v n+1 v 1 . Using the reduction of Lemma 3.3, and the fact that V 4 is totally silver, one can see that V 2n is totally silver if and only if n = 2 mod 4. We may use Möbius ladders in construction of nontrivial cubic totally silver graphs as follows. Let n 2 and let H be obtained from V 2n by subdividing all edges of C. We construct a graph D n from the disjoint union of two copies of H by adding edges between pairs of corresponding vertices of degree 2 in the two copies of H. The graph D 3 is illustrated in Figure 3 . Let x 1 x 2 · · · x 4n x 1 and y 1 y 2 · · · y 4n y 1 be the cycles in D n obtained by subdividing the main 2n-cycle of each copy of V 2n used in its construction. We may shift the labels so that the edges x i y i are present in D n for all even 1 i 4n. If n is odd, c : V (D n ) → {0, 1, 2, 3} defined by c(x i ) = i mod 4 and c(y i ) = i + 2 mod 4 is a totally silver coloring. A totally silver coloring of D 3 is presented in Figure 3 . Indeed the graph D n is not totally silver if n is even. We omit the proof of this assertion.
Totally silver graphs with large girth
By way of Corollary 2.8, any cubic totally silver graph G is obtained from a 2-regular totally silver graph (a disjoint union of cycles if lengths divisible by 3). Here we give a construction of a family of cubic totally silver graphs with girth 9 starting from a 3n-cycle C = x 1 x 2 · · · x 3n x 1 and n isolated vertices z 1 , . . . , z n . Suppose that X = {x 1 , x 2 , . . . , x 3n } is partitioned into X = X 1 ∪ . . . ∪ X n , where |X i | = 3 for all i, and no X i contains two vertices x j and x k where j and k are congruent modulo 3. Let G be the cubic graph constructed from the 3n-cycle C and the vertices z 1 , . . . , z n , by joining z i to X i , for all i = 1, 2, . . . , n. Then G is totally silver. The challenge here is to partition X in such a way that the resulting cubic totally silver graph G contains no short cycles. In the following we show that girth 9 can be achieved when n 15, by taking X i = {x 3i , x 3i+7 , x 3i+20 } for all i = 1, 2, . . . , n.
Theorem 5.1. For every n 15, there exists a cubic totally silver graph of order 4n and girth 9.
Proof. Let n 15 and let G be the graph obtained from a 3n-cycle x 0 x 1 , . . . , x 3n−1 x 0 and n isolated vertices z 0 , z 1 , . . . , z n−1 according to the above construction, with the choice of X i = {x 3i , x 3i+7 , x 3i+20 } for all i = 0, 1, . . . , n − 1. To show that G contains no cycles shorter than 9, by symmetries of the construction of G, we may only verify that none of the vertices x 0 , x 1 , x 3n−1 , and z 0 is contained in a short cycle. Although cumbersome, this can be done by listing all vertices at distance at most 4 from each of these vertices. In Figure 4 , we present the subgraph of G induced on the set of vertices at distance at most 4 from x 0 . This illustration affirms that there is no cycle in G of length 8 or less through the vertex x 0 . Similar illustrations for x 1 , x 3n−1 , and z 0 show the same conclusion for these vertices. We omit these, but note that
